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The One Phase Stefan Problem by Galarkin's Method. 
( II) 
Y oshiyuki FURUYA 
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The Stefan problem; the heat transfer of solid with phase change is treated. Initially the 
heat impulse is given as a unit impulse function at one end and the other one is insulated. 
The Galarkin's method is used for this purpose. The numerical calculation is done by the personal 
computer, MULTI 16 type. 
§ I . Introduction. 
In the previous paper, we concerned with the melting solid that the melted portion was 
immedeately removed, i.e. one phase Stefan problem. In this case, we set the initial temperature 
is parabolic. 
In the present paper, we handle the same one phase Stefan problem that the initial temper­
ature is the impulse function. The use of fundamental solution of heat conduction equation 
1 _x'l 4t /Te 
and the imaginary heat source method, together with the Galarkin's method provide a fine 
numerical solution. 
§ 2. Basic Equation. 
As an exsample the problem of a melting slab may be considered. Take a slab of thickness 
L, occupying the region O< x< L, insulated at x=L, exposed to a prescribed heat input Q(t) 
at x=O. The initial temperature distribution is e= em in a very small region near x=O, and 
e = 0 in outside region of it, i.e. 
{ e = em 
e = 0 
where c. is very small. 
(O<x<c) 
(c.<x<L) 
Introducing the normalized variables and the factors 
x' = X/L, 
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Bm · ········melting temperature, A · · · · · · · ·  ·coefficient of heat conduction, pl · · · · · · · · · latent heat per unit 
volume, and neglecting the primes we reache the basic equations 
�� = ��. . .................................................................................................... ·(2. 1) 
-(��) s=a-(:35, ................... . ................................................................. ..... (2. 2) 
B(s, t) = 1, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2 . 3) 
( aB ) = 0. ax 1 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2 . 4) 
§ 3. Method of Solution. 
For solving eqs. (2. 1)- (2. 4), we set 
where 
g(x, t) � 1 ) 1-x 8= g(s , t) +  a.(t)cos(n-2 n 1_s ,  ......................................................... (3. 1) 
g(x, t) = J { e-x'l4t + e-C2-x)'l4t } . .. ....................................................... (3. 2) 
This equation satisfy eqs. (2. 3), (2. 4). The next calculations are as follows : 
( t) ag(x, t) - ( t) dg(s, t) ae g s, at g x, dt 
at [g(s, t)J2 
""' ( 1 ) 1-x + "'2 a.(t) cos n-2 7r 1-s 
2: {( 1 ) s } . ( 1 ) 1-x - a.(t) n-- n -. -- (1 - x) szn n-- n --n 2 (l-s)2 2 1-s , 
aB= _l_ag(x, t) + :?: a.(t) { (n-l_) n -1- } sin(n-l_) n 1-x ax g(s, t) ax n 2 1-s 2 1-s , 
a2() 1 �g(x, t) { ( 1 ) 1 }2 ( 1 ) 1-x ax2= g(s, t) ax2 - � a.(t) n---z 7[1-s cos n---z lrl-s. 
Inserting into eq. (2. 1) by considering the fact that g (x, t) satisfies the equation 
ag a2g 
we have 
at = fJx2 ,  
� [ a.(t) + a.(t) { ( n- � )  7r 1 � s r] cos ( n- �) 7r i =; 
- � a.(t) {(n- l_) n -5 - (1- x) } sin (n-l_) n 1-x � 2 (1-s )2 2 1-s 
1 dg(s, t) = [g(s, t)]Z -�g(x, t). . ............................................................................. (3. 3) 
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Multiplying the both side by cos( n- �) n i=�· and integrating over the region (s. 1), we have 
1; s [ a.(t) + a.( t) { ( n - � ) 7r 1 � s n 
- S "5' am(t) ( -1)m+n (m _ l_) ( 1 -_1_) 
m� 
, 2 2 m+n- 1 m-n 
1 . 1 dg(s, t) J
1 ( 1 ) 1-x - 4 a.(t) s = [g(s, t)]2 ------;It s g(x, t) cos n- 2 7r 1 _ s dx. .. ............................ (3. 4) 
Also from eq. (2 . 2) we have 
1 ag(s, t) 00 ( 1 ) ( -1r1 . g(s,t)�+ .�a.(t) n-2 7r 1-s = -(a- (3s). . ................................... (3. 5) 
§ 4. Asymptotic Solution. 
The numerical calculation by use of eqs. (3. 4) and (3. 5) provides "DIVISION BY ZERO" in 
the personal computer. For avoiding this difficuty, we shall formulate the asymptotic solution, 
t tends tward zero. 
Inserting x = s, in eq. (3. 3) we see 
i a.(t) (n-l) 7r _s_· (-1)"-1 = __ 1_ dg(s, t) .................................... .. .... ...... (4_ l) n=1 2 1-s g(s, t) dt 
Equation (3. 5) provides 
. 1 ag(s, t) + � (t) ( 1 ) S ( 1)n-1 _ ( (3 ') · s----- LJ a. n-- n-- - - - a- s s. g(s, t) ax n=1 2 1-s ........................... (4. 2) 
From eqs. (4. 1) and (4. 2), we have 
_1_ , ag(s, t) _ ( -(3 ') . g(s, t) at - a s s. . ............................................................................. (4. 3) 
From eq. (3. 2), we see 
1 ag(s, t) 1 1 
g(s. t) _a_t_ = -2t + 4t2 
s2e-•'14 t  + (2 _ s)2 e-<2-sl'141 
e-s'l4t + e-<2-s)'l4t 
As we see 
_1_ ag(s, t) � _ l_ + � g(s, t) at 2t 4f 
the asymptotic equation of eq. (4. 3) when t tends tward zero is obtained as 
Set 
a s - (3(5)2 = _ l_ + � ................................................................................. (4 4) 2t 4t , 
s = At"', 
and insert into eq. (4. 4), we have 
1 m= -2 ,  A= M 
s= �l�/3 t ... . ................. ...................... ... . ..................................... (4. 5) 
Equation (4. 5) is the asymptofic equation we seek. 
In the next section, we require the numerical solution by use of eqs. (3. 4), (3. 5) and (4. 5). 
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§ 5. Numerical Calculation. 
As an example, we assume . a melting ice that has the value : 
). = 0.05 X 10-2 kcal/m·s·deg 
Qo = 10 kcal/m2·sec 
L = 0.1 m 
pi = 0.91 X 103 X 79.896 kg/m3 
c = 0.487 X 0.91 X 103 kcal/m3·deg 
The factors a, /3 and tL are calculated as 
a= 2000, /3 = 164.0575, 
t L = 8.8634 X 103 (sec) 
The numerical solution of B and s(t) 
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